By extending our recent framework to describe the tidal deformations of a spinning compact object, we compute for the first time the tidal Love numbers of a spinning neutron star to linear order in the angular momentum. The spin of the object introduces couplings between electric and magnetic distortions and new classes of spin-induced ("rotational") tidal Love numbers emerge. We focus on stationary tidal fields, which induce axisymmetric perturbations. We present the perturbation equations for both electric-led and magnetic-led rotational Love numbers for generic multipoles and explicitly solve them for various tabulated equations of state and for a tidal field with an electric (even parity) and magnetic (odd parity) component with = 2, 3, 4. For a binary system close to the merger, various components of the tidal field become relevant. In this case we find that an octupolar magnetic tidal field can significantly modify the mass quadrupole moment of a neutron star. Preliminary estimates, assuming a spin parameter χ ≈ 0.05, show modifications 10% relative to the static case, at an orbital distance of five stellar radii. Furthermore, the rotational Love numbers as functions of the moment of inertia are much more sensitive to the equation of state than in the static case, where approximate universal relations at the percent level exist. For a neutron-star binary approaching the merger, we estimate that the approximate universality of the induced mass quadrupole moment deteriorates from 1% in the static case to roughly 6% when χ ≈ 0.05. Our results suggest that spin-tidal couplings can introduce important corrections to the gravitational waveforms of spinning neutron-star binaries approaching the merger.
By extending our recent framework to describe the tidal deformations of a spinning compact object, we compute for the first time the tidal Love numbers of a spinning neutron star to linear order in the angular momentum. The spin of the object introduces couplings between electric and magnetic distortions and new classes of spin-induced ("rotational") tidal Love numbers emerge. We focus on stationary tidal fields, which induce axisymmetric perturbations. We present the perturbation equations for both electric-led and magnetic-led rotational Love numbers for generic multipoles and explicitly solve them for various tabulated equations of state and for a tidal field with an electric (even parity) and magnetic (odd parity) component with = 2, 3, 4. For a binary system close to the merger, various components of the tidal field become relevant. In this case we find that an octupolar magnetic tidal field can significantly modify the mass quadrupole moment of a neutron star. Preliminary estimates, assuming a spin parameter χ ≈ 0.05, show modifications 10% relative to the static case, at an orbital distance of five stellar radii. Furthermore, the rotational Love numbers as functions of the moment of inertia are much more sensitive to the equation of state than in the static case, where approximate universal relations at the percent level exist. For a neutron-star binary approaching the merger, we estimate that the approximate universality of the induced mass quadrupole moment deteriorates from 1% in the static case to roughly 6% when χ ≈ 0.05. Our results suggest that spin-tidal couplings can introduce important corrections to the gravitational waveforms of spinning neutron-star binaries approaching the merger. 
I. INTRODUCTION
In a previous paper [1] (henceforth Paper I) we initiated the fascinating study of the tidal deformations of a spinning compact object (see also Ref. [2] which appeared at the same time with Paper I). Our framework -and that independently developed in Refs. [2, 3] -is based on a perturbative expansion in the angular moment which is valid for slowly spinning objects. When applied to the case of spinning black holes, these studies have shown that the deformations of the multipole moments of a Kerr black holes immersed in a tidal field are all zero 1 . In other words, the tidal Love numbers -i.e., the deformation of the multipole moments per unit tidal field [4, 5] -of a spinning black hole are zero, as in the static case [6] [7] [8] .
In this follow-up, we focus on the tidal Love numbers of a spinning neutron star (NS). The main motivation for such analysis comes from the prospects of measuring the tidal Love numbers through gravitational-wave (GW) detections of compact binaries [9, 10] (see also [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] ).
The tidal Love numbers encode the deformability of a self-gravitating object immersed in a tidal environment and depend sensibly on the object internal structure [4, 5] . For static NSs, these numbers depend on the NS mass and on the equation of state (EoS) of the matter composing the star. Therefore, measuring the NS deformability through GW detections would help to constrain the behavior of matter at ultranuclear density [21] [22] [23] [24] [25] .
Previous studies on the tidal deformability of NSs have considered only nonspinning objects. The scope of the present paper is to quantify the importance of spin corrections to the NS tidal deformability by computing explicitly a new class of tidal Love numbers that was introduced in Paper I and in Ref. [2] .
Executive summary
For the reader's convenience, we summarize here the structure of the paper and our main results. In Sec. II we introduce the tidal Love numbers of a rotating body, extending the formalism developed in Paper I. Section II B is devoted to an estimate of spin effects for the tidal Love numbers, anticipating the main results obtained in the rest of the paper [cf. Fig. 2 ]. Our estimates show that -for a NS-NS binary approaching the merger -the mass quadrupole moment of one star with spin 2 χ ≈ 0.05 can deviate roughly by 13% relative to the static case [cf. Eq. (8) ].
The equations governing the tidal perturbations are discussed in Sec. III and in the Appendixes A and B. In Sec. III E and in Appendix C we present the full exterior solution of a tidally deformed spinning object to first order in the spin for both an electric and a magnetic component of the tidal field with = 2, 3, 4. Such an exterior solution is specialized to the case of a spinning black hole in Appendix D, where we also show that the corresponding tidal Love numbers are precisely zero in this case. This result complements the analyses presented in Ref. [3] and in Paper I.
The final expressions for the rotational Love numbers of a spinning NS and the matching procedure to explicitly compute them are presented in Sec. IV. Section V is devoted to a detailed numerical analysis of the rotational Love numbers in various cases and contains the main results of this work. In Fig. 5 we show some of the rotational Love numbers as functions of the compactness for various EoSs. In Fig. 8 we discuss to which level these new Love numbers are independent of the EoS, showing that the approximate universality [26] [27] [28] that exists in the static 3 case deteriorates as the spin increases. In the main text we focus on those rotational Love numbers which are associated with perturbations that do not break the reflection symmetry on the equatorial plane (and are therefore more relevant phenomenologically). The case of equatorial-symmetry breaking is briefly discussed in Appendix E. Along the way we clarify some questions related to the tidal Love numbers, for example in Appendix F we reveal some inconsistency in the computation of the magnetic tidal Love numbers that appeared in the literature. Through this work, we use geometrized G = c = 1 units. Spacetime indices are denoted by Greek letters, while space indices are denoted by Latin letters, i.e., x µ = (x 0 , x a ); x 0 is the time coordinate associated with the unperturbed compact object.
II. TIDAL LOVE NUMBERS OF A SPINNING OBJECT A. Definition
Let us consider a (generically spinning) compact object immersed in a generic tidal environment. We adopt the same decomposition of the tidal field as in Ref. [6] . Namely, we define the symmetric and trace-free electric and magnetic tidal multipole moments as E a1.. a semicolon denotes a covariant derivative, abc is the permutation symbol, the angular brackets denote symmetrization of the indices a i and all traces are removed. It can be shown that the electric (respectively, magnetic) moments E a1...a (respectively, B a1...a ) can be decomposed in a basis of even (respectively, odd) parity spherical harmonics with the symmetry axis aligned with the spin vector [3, 6] . We denote by E As a result of the external perturbation, the mass and current multipole moments 4 (M and S , respectively) of the compact object will be deformed. In linear perturbation theory, these deformations are proportional to the applied tidal field. In the nonrotating case mass (current) multipoles have even (odd) parity, and therefore they only depend on electric (magnetic) components of the tidal field; we can define the standard tidal Love numbers as
and these quantities are independent of the tidal field. The definitions above agree, modulo some normalization factor, with the standard ones [6, 7, 10] , usually denoted as electric and magnetic tidal Love numbers, respectively. Because the object is spherically symmetric, the azimuthal number m is degenerate. Furthermore, parity and the angular momentum number are conserved: an electric (i.e. even parity) tidal field with harmonic index can only deform the mass multipole moment of order , whereas a magnetic (i.e. odd parity) tidal field with harmonic index can only deform the current multipole moment of order .
Such degeneracy is broken when the central object is spinning. In such case there exist some selection rules which are discussed in detail in Paper I and are schematically depicted in Fig. 1 . Each arrow in this figure denotes a coupling of linear order in the spin. Therefore, to first order in the spin, electric (respectively, magnetic) tidal perturbations with multipolar index source magnetic (respectively, electric) deformations with multipolar index ± 1 and vice versa. In particular, the mass quadrupole ( = 2, electric) moment of the star acquires O(χ) corrections proportional to the magnetic octupolar ( = 3) tidal field.
Furthermore, a nonaxisymmetric tidal field with index would deform the multipole moment of the same parity
FIG. 1. (color online)
. Scheme of the spin-tidal coupling in the slow-rotation approximation to second order in the spin for the electric-led system (top diagram) and for the magneticled system (bottom diagram). P and A generically denote polar (i.e., even parity, or electric) and axial (i.e., odd parity, or magnetic) perturbations with harmonic index . The quantity enclosed in a box denotes the component of the external tidal field. Perturbations with different parity and harmonic index are coupled to the external perturbations by arrows, each arrow (taken in either direction) denoting a coupling of linear order in the spin. For example, in the top diagram P sources P +2 deformations to second order in the spin, since two arrows are needed to go from P to P +2 . Purple horizontal arrows denote Zeeman-like couplings which are nonzero only in the nonaxisymmetric case, m = 0 (cf. Paper I and the review [33] for details.)
and with the same harmonic index to first order in the spin through a Zeeman-like splitting term proportional to the azimuthal number m and denoted with a horizontal purple line in Fig. 1 . Finally, to second order in the spin, an electric (respectively, magnetic) tidal field with multipolar index sources electric (respectively, magnetic) deformations with multipolar indices and ± 2. Thus, for instance, the mass quadrupole moment acquires a O(χ 2 ) correction proportional to the electric quadrupolar tidal field.
On the light of such selection rules, we can define a more generic set of tidal Love numbers as follows:
The Love numbers with the "+" subscript measure how a mass (respectively, current) multipole moment is deformed by the presence of an electric (respectively, magnetic) tidal field, i.e. by a field of the same parity. On the other hand, the Love numbers with the "−" subscript measure how a mass (respectively, current) multipole moment is deformed by the presence of a magnetic (respectively, electric) tidal field, i.e. by a field of the opposite parity. The definition just introduced generalizes the one given in Paper I. Such generalization is necessary to accommodate the presence of a magnetic tidal field or of a tidal component with > 2; both possibilities were not considered in Paper I. Because of the spin selection rules mentioned above (see also Paper I and Ref. [33] ), the Love numbers in Eqs. (2) and (3) enjoy various interesting properties (cf. Fig. 1 ):
1. At zeroth order in the spin, the Love numbers in Eq. (2) vanish, whereas the Love numbers in Eq. (3) are different from zero only when = and reduce to those defined in Eq. (1). As mentioned above, the azimuthal number m is degenerate in this case.
2. At first order in the spin, the Love numbers in Eq. (2) are different from zero only when = ± 1, whereas the Love numbers in Eq. (3) are different from zero only when = and in the nonaxisymmetric case, m = 0. These latter corrections correspond to the Zeeman splitting mentioned above.
3. At second order in the spin, the Love numbers in Eq. (2) acquire new corrections only in the nonaxisymmetric case, whereas the Love numbers in Eq. (3) are different from zero both when = and when = ± 2 for any value of m. The terms λ In this work we focus on axisymmetric tidal perturbations to first order in the spin. In this case, the Love numbers in Eq. (3) reduce to the static case, Eq. (1), and one is left with the spin-induced ("rotational") Love numbers in Eq. (2) with m = 0. An explicit computation of the second-order and nonaxisymmetric corrections is left for future work. To simplify the notation, in the≈ 30λ (2) E and, from Eq. (8), we find that, for χ ≈ 0.05, the O(χ) correction to M 2 is about 13% of its static counterpart 6 . Because the amplitude of higherorder tidal multipoles increases near the merger, we expect such correction to become even larger. This simple estimate shows that spin corrections to the tidal Love numbers are non-negligible and they might considerably affect the gravitational waveforms near the merger.
Finally, another relevant question concerns secondorder spin corrections. The relative amplitude of first-and second-order spin corrections to the tidal Love numbers depends on two competitive effects: on the one hand the corrections linear in the spin are larger than the quadratic corrections when χ 1, as expected for old NSs in the late stages of a binary inspiral; on the other hand, the magnetic octupolar component of the tidal field is suppressed relative to the quadrupolar electric component, at least when the orbital velocity is small, v 1. It is therefore possible that O(χ 2 ) spin corrections can also be relevant even in the χ 1 regime, at least for intermediate orbital distances. Clearly, in order to quantify the relative magnitude of second-order spin corrections (as well as of nonaxisymmetric O(χ) corrections), it is necessary to compute other rotational Love numbers (for instanceλ (22m) E,+ ). We leave this important task for future work, focusing here on first-order, axisymmetric corrections.
III. PERTURBATION EQUATIONS
The study of linear perturbations of a slowly rotating star has been initiated in Refs. [39] [40] [41] [42] [43] and was recently extended in the context of black-hole perturbation theory [44] [45] [46] (see [33] for a review). Here we follow extensively the formalism developed in Paper I, to which we refer for further details. In particular, we make the same working assumptions discussed in Paper I; namely, we consider a slowly rotating object, whose spin axis coincides with the axis of symmetry of the tidal field, which is assumed to be axisymmetric. The tidal field is weak and varies slowly in time, and in practice we consider only stationary tidal perturbations. As we will show, axisymmetry is in fact required for consistency of the field equations in the stationary case. As explained in Paper I, our approximations are valid for a compact binary at a large orbital distance. Furthermore, NSs in a binary system are expected to rotate slowly so that the slow-rotation approximation is well justified (see, e.g., [36, 37] ). At variance with Paper I, we limit our analysis to first order in the spin, but consider both an electric and a magnetic tidal component with generic multipole .
A. Spinning background
We consider a slowly rotating object whose line element, to first order in the spin, can be written as [47, 48] 
where dΩ 2 = dϑ 2 + sin 2 ϑdϕ 2 , and the radial functions ν and M are of zeroth order in rotation, whereas ω is of first order. The stress-energy tensor of the perfect fluid is
where P = P (r) and ρ = ρ(r) are the background pressure and energy density, respectively. To first order in the spin, u µ = e −ν/2 (1, 0, 0, Ω) where Ω is the fluid angular velocity and the normalization constant ensures u 2 = −1. Einstein's equations 7 , G µν = 2κT µν , reduce to the classical Tolman-Oppenheimer-Volkoff equations for the background variables
where we definedω = Ω − ω. Assuming a barotropic equation of state in the form P = P (ρ), these equations can be integrated numerically with standard methods.
B. Tidal perturbations
Metric and fluid perturbations are decomposed in spherical harmonics according to their parity as discussed in Appendix A. Since we are considering stationary tidal fields, we assume no explicit time dependence in the perturbations and no fluid motion 8 , setting
By using this decomposition, solving the gravitational equations perturbatively, and making use of the orthogonality properties of the spherical harmonics [33, 40] , we obtain a system of ordinary differential equations for the radial variables where various spin couplings between different multipolar indices and between perturbations with opposite parity are present.
The equations separate into two groups according to their parity. In Paper I, we defined the so-called polar-led and axial-led systems, which describe the metric deformations induced by a purely electric and a purely magnetic tidal field, respectively. It can be shown that consistency of the field equations requires stationary perturbations to also be axisymmetric. In other words, the absence of explicit time dependence in the perturbations given in Appendix A also imposes m = 0, where m is 7 In our geometrized units κ = 4π but we will leave it unspecified to keep track of the coupling to matter in the equations. 8 Recently, it has been noted that an irrotational (rather than a static) fluid provides a more realistic configuration for a stationary tidally distorted object in a binary system [49] . Such condition only affects the odd-parity sector of the perturbations, but has dramatic consequences for the magnetic tidal Love numbers.
Here we consider only static fluids, this assumption is consistent with the field equations to first order in the spin. An extension of the work of Ref. [49] to account for spin corrections is left for the future.
the azimuthal number of the perturbations, which is conserved by virtue of the axisymmetry of the background. On the contrary, tidal perturbations with m = 0 must have a weak time dependence (cf. e.g. Ref. [3] and Paper I). Therefore, to first order in the spin and in the stationary case, the polar-led and axial-led systems given in Paper I schematically reduce to
where a is a bookkeeping parameter for the order of the spin perturbations, A ,Ã (respectively, P ,P ) are linear combinations of the axial (respectively, polar) perturbations with multipolar index and Q = / √ 4 2 − 1 are related to the Clebsch-Gordan coefficients in quantum mechanics 9 . The first set of equations in Eqs. (14) and (15) is of zeroth order in the spin and corresponds to the well-studied static case [6, 7, 10, 50] , whereas the remaining two sets of equations in Eqs. (14) and (15) are spin-induced corrections. As clear from the structure of the above equations, polar perturbations with multipolar index source axial perturbations with multipolar index + 1 and − 1 to first order in the spin and vice versa, cf. Paper I for details.
Remarkably, it is possible to reduce the systems above to a simple set of differential equations for a generic multipole . To simplify the notation, we will expand any variable to first order in the spin, e.g. H will denote a function of zeroth order in the spin and its first-order correction, respectively.
C. Electric-led tidal perturbations
For any ≥ 2, the polar-led system (14) reduces to the following coupled ordinary differential equations (ODEs)
9 In the context of quantum mechanics, the spin selection rules are enforced by the addition rules for angular momenta [33] .
where we defined the differential operators
The coefficients C 
so that the perturbed metric remains invariant under t → −t and ϕ → −ϕ. The perturbations also depend on the speed of sound in the fluid, c s = ∂P/∂ρ.
Note that, in principle, the equations governing axial perturbations with = 1 are different from those with ≥ 2. When = 1, one can use a residual gauge freedom to set h
1 [51, 52] . In the stationary case, it turns out that δh
= 0 for any so that the equations above also include the special case = 1. As we discuss below, this property does not hold in the magnetic-led case.
D. Magnetic-led tidal perturbations
For any > 2, the axial-led system (15) reduces to the following coupled ODEs
where again the source terms S ( ) ± are given in Appendix B and depend on h ( ) 0 and its derivatives. In this case, axial perturbations with multipolar index source polar perturbations with ± 1.
Polar equations with = 1 are governed by a different set of equations and must therefore be discussed separately. When = 1, one can set H
in the metric ansatz without loss of generality. For this reason, the differential operator D (1) and the source term S (1) are different from those presented above and their explicit form is given in Appendix B.
E. Exterior solution
Although the set of equations just presented is valid for any ≥ 2, finding the vacuum solution without specifying the value of is rather challenging. Indeed, to zeroth order in the spin the polar and axial solutions of the first equation in (16) and (19) , respectively, can be written in terms of special functions [6, 7, 10] 
where P 2 and Q 2 are associated Legendre functions, 2 F 1 is the hypergeometric function, G 2,2 is the Meijer function, and A, B, C, D are integration constants. When plugged into the source terms, the corresponding firstorder equations do not appear to have an analytical solution for generic . However, the special functions above simplify enormously when is an integer (i.e. in the case of interest) and therefore the exterior perturbation equations can be solved analytically for any specific integer value, = 2, 3, 4, ...
The explicit vacuum solution to the = 2 electric-led sector reads (cf. Paper I) 
where y = r/M and α 2 , γ 2 , γ 23 , γ 21 are integration constants 11 . The remaining nonvanishing perturbations can be obtained from the solution above using the algebraic relations presented in Appendix B.
Note that, in the solution above, we have already fixed the constants α 23 and α 21 to avoid spurious components of the tidal field which arise from the homogeneous system associated with Eq. (16) (cf. Paper I for details). With this choice, the external tidal field has a purely electric, quadrupolar component.
Likewise, the vacuum solution to the = 2 magneticled sector reads
where again α * 2 , γ * 2 , γ * 23 , γ * 21 are integration constants. As in the electric-led case, the other constants α * 23 and 11 Our notation is the following. The constants α i and γ i are proportional to O(χ 0 ) perturbations, whereas γ ij are associated with O(χ) perturbations with = i which are sourced by = j α * 21 have been fixed by requiring that the tidal field has a purely magnetic, quadrupolar component.
tidal perturbations with opposite parity. As before, we denote quantities related to the magnetic sector with an asterisk.
The equations above represent the generic exterior solution of a slowly spinning object immersed in an axisymmetric, quadrupolar tidal field, whose electric and magnetic components are proportional to α 2 and α * 2 , respectively. This solution was computed in Ref. [2] using a different notation and in the generic, nonaxisymmetric case. The explicit vacuum solutions for the cases with = 3 and = 4 are instead new and given in Appendix C. To identify the electric and magnetic components of the tidal field we can expand the exterior solution at large distances. In the axisymmetric case, we can extract E ( ) 0 and B ( ) 0 from the asymptotic behavior of the g tt and g tϕ components, namely [6] 
where S ϕ is one of the vector spherical harmonics defined in Eq. (A4). The normalization of the dimensionless constants α and α * in the analytical solution just presented has been chosen such that
IV. ROTATIONAL LOVE NUMBERS OF A SLOWLY ROTATING NS
With the explicit exterior solution at hand, we can now compute the spin-induced (rotational) Love numbers. As explained in detail in Paper I, the constants α i and α * i are associated with the = i electric and magnetic components of the external tidal field [cf. Eq. (30)], whereas the constants γ i and γ ij (respectively, γ * i and γ * ij ) are associated with the deformation of the mass (respectively, current) = i multipole moments 12 . To show this fact explicitly, we adopt the procedure explained in Paper I to compute the Geroch-Hansen multipole moments [29, 30] of the tidally distorted object. In brief, the procedure is based on considering the asymptotically flat solution of the metric perturbations, setting α i = α * i = 0 in the equations above. Using this solution, the multipole moments can be computed in a 12 The separability between external tidal field and object's response suffers from some subtle ambiguity that we discussed in detail in Paper I. Here we will follow the prescription of that paper, which seems robust enough at least to first order in the spin. In practice, because the Love numbers scale with high powers of the inverse compactness, ∼ (R/M ) q [6, 7, 10] , where the power q depends on and on the parity (for exampleλ gauge-invariant way by evaluating the binding energy of a point particle in a circular geodesic of an axisymmetric, asymptotically-flat spacetime [53] [54] [55] . The multipole moments can then be identified by comparing the binding energy order by order in a (gauge-invariant) low-velocity expansion.
A. Multipole moments of a tidally distorted NS
Further details on this procedure are given in Paper I, here we simply present the final result for the first multipole moments 13 :
With the multipole moments at hand, the Love numbers in Eqs. (1) and (2) can easily be computed. By using Eq. (30) , to zeroth order in the spin we obtain
whereas the new O(χ) rotational Love numbers read
The dimensionless quantities previously introduced are defined by dividing the expressions above by suitable powers of χ and M n (where, e.g., n = 6 for δλ ( 
23) E
and δλ (32) M , whereas n = 8 for δλ ( 
34) M
and δλ (43) E ) in order to make them pure numbers. For example, δλ
In terms of these dimensionless quantities, the axisymmetric deformation of the mass quadrupole moment to linear order in the spin can be expressed as
We stress that the above expression contains only the axisymmetric components of the tidal perturbations; the full expression to first order in the spin would also contain extra terms associated with m = 0 perturbations. Clearly, to estimate Eq. (39), we need to evaluate the axisymmetric components of the quadrupolar electric tidal field and of the octupolar magnetic tidal field. For concreteness, let us consider an equal-mass NS-NS binary with total mass ∼ 2M in a quasicircular motion at orbital distance r 0 . The electric tidal tensor E ab and the magnetic tidal tensor B abc in such configuration were computed in Ref. [56] . By comparing the large-distance behavior of the perturbed black-hole metric derived in Ref. [56] (cf. Eqs. (3.2)-(3.3) in that paper) to our leading-order expressions (28)- (29), we obtain, to Newtonian order 14 ,
which complement Eqs. (5) and (6) by including the correct prefactors for a circular equal-mass binary 15 . Finally, by inserting Eq. (40) into Eq. (39), we obtain the expression anticipated in Eq. (7). As previously discussed, by evaluating Eq. (7) and using the numerical results presented in Sec. V below, we estimate that the axisymmetric O(χ) spin correction to the quadrupole moment M 2 for χ ≈ 0.05 is about 13% when r 0 ∼ 5R, cf. Eq. (8) .
So far we have focused on perturbations which do not break the reflection symmetry with respect to the equatorial plane at ϑ = π/2. However, an axisymmetric electric (respectively, magnetic) tidal field with odd (respectively, even) values of generates perturbations which break the equatorial symmetry of the background (9) . Such components of the tidal field would induce multipole moments such as M 3 , S 2 , etc... Our formalism can directly accommodate these new Love numbers, although they are only relevant for tidal sources that break the equatorial symmetry.
A binary system of two nonspinning compact objects or of two spinning compact objects with (anti)aligned 14 Note that, to leading Newtonian order, the perturbed black-hole metric computed in Ref. [56] coincides with that of a perturbed NS at large distance. For this reason the results of Ref. [56] are directly applicable to our case. 15 We note that our expression for E (2) 0 coincides with that derived, e.g., in Ref. [6] after taking into account their different normalization of the spherical harmonics relative to ours (we use the standard definition of [57] ).
spins enjoys an equatorial symmetry relative to the orbital plane. However, in more general configurations -e.g. if the angular momenta of the two objects are not (anti)aligned -the equatorial symmetry can be broken. This misalignment might happen after the NS formation due to supernova kicks, although subsequent tidal dissipation can contribute to realign the spins (cf. e.g. Ref. [58] and references therein). For completeness, we discuss this problem in Appendix E where we also present some results for the rotational Love numbers with equatorial-symmetry breaking.
B. Matching and numerical procedure
The above Love numbers can be directly computed once the constants γ's are known. The values of these constants are fixed by a continuous matching of the numerical interior solution describing the deformed compact star with the analytical exterior solution. Since we include only linear corrections in the tidal field, the ratios of the γ's to the corresponding α's are pure numbers independent of the tidal field itself.
For example, to zeroth order in spin, for the correction to the quadrupole mass moment one obtains [10] 
where C = M/R, β
evaluated at the radius and we recall that tilded quantities are made dimensionless by dividing the corresponding quantity by suitable powers of M , e.g.λ
5 . In the small compactness limit, one recovers the Newtonian result, λ (2) E ∼ C −5 [10] . To compute the Love numbers, it is therefore sufficient to evaluate the metric perturbations at the radius of the object after a numerical integration from the interior. The same procedure can be straightforwardly applied to any of the tidal Love numbers defined in Eqs. (1) .
The case of the rotational Love numbers defined in Eq. (2) is similar in spirit but slightly more involved. In this case the corresponding perturbation equations are inhomogeneous ODEs. To match the interior solution with the one in the exterior, we adopt the following procedure. First, we construct a particular solution of the inhomogeneous equations which is regular at the origin. Then, we also construct the solution to the associate homogeneous system which is regular at the origin. The amplitude of this solution is a free parameter that we adjust to match the full interior solution (i.e. a linear combination of the inhomogeneous and of the homogeneous solutions) to the exterior. It is easy to show that imposing continuity at r = R fixes uniquely the constants γ's and also the amplitude of the homogeneous solutions for different values of . In order to increase accuracy, we compute higher-order series expansions near the center of the star and use such analytical solutions to start the numerical integration outwards.
As a representative example, we present the schematic form of the O(χ) correction to the mass quadrupole moment:
where A i are cumbersome polynomial terms that depend on C, β to first order in the spin. All these perturbations are evaluated at the radius of the star. Note that the value of s might also depend on the compactness so that, to explore the Newtonian regime, one cannot just take the C → 0 limit of Eq. (42). In Sec. V, we will give numerical evidence thatλ
in this limit, so that the ratioλ
E is finite as C → 0. The expressions for the other rotational Love numbers defined in Eq. (2) are qualitatively similar to Eq. (42) and we avoid presenting them here. We show the full explicit expression for all rotational Love numbers in a Mathematica R notebook presented as Supplemental Material to this paper.
C. Deformed three-hair relation for tidally distorted NSs
As anticipated in Paper I, the corrections to the multipole moments of a tidally distorted spinning NS will modify the approximate three-hair relations that exist for isolated NSs [59] [60] [61] [62] . For such stars these relations read [60] M + i q a S =B n,[
where a = S 1 /M , iq = M 2 /M ,B n is a coefficient that depends on the EoS only mildly, and [x] denotes the largest integer not exceeding x. Because of the mild dependence on the EoS, all moments with > 2 can be approximately computed from M 0 ≡ M , S 1 = J and M 2 through relation (43) [59] [60] [61] [62] .
As a result of an external tidal field, the relation (43) is deformed in two ways. First of all, we note that such relation is valid for axisymmetric and reflection symmetric solutions. An electric (respectively, magnetic) tidal field with odd (respectively, even) values of would break the equatorial symmetry, introducing moments such as S 2 , M 3 , S 4 , M 5 , etc, which are not included in Eq. (43 we discuss in Appendix E, a quadrupolar magnetic tidal field would induce a nonvanishing mass moment M 3 at linear order in the spin, whereas an octupolar electric tidal field would induce a current moment S 2 .
Furthermore, also the standard moments associated with the equatorial symmetry would acquire tidal contributions proportional to the spin. For example, the mass quadrupole moment M 2 would acquire O(χ) corrections proportional to the = 3 magnetic component of the external tidal field (and would also acquire O(χ 2 ) corrections proportional to the = 4 electric component of the external tidal field, cf. Paper I).
An interesting question is whether such deformation are still "universal", in the sense that the relation among different multipole moments is still only mildly dependent on the EoS. This problem is discussed in Sec. V C below.
V. NUMERICAL RESULTS
In this section, we solve the perturbation equations explicitly for a self-gravitating perfect-fluid configuration. We use some realistic tabulated EoS listed in Table I which cover a wide range of NS deformability. We also consider a polytropic equation of state, P (ρ) ∼ ρ 1+1/n with index n = 1, which will be denoted by "POLYn1" in the following. Figure 3 shows the mass-radius relation and the moment of inertia as a function of the NS mass for the unperturbed models. As usual, the stellar mass is defined by the value of the radial function M at the radius, i.e. M ≡ M(R), where the radius R is defined by the relation P (R) = 0. The moment of inertia reads I ≡ J/Ω, where we recall that Ω is the fluid angular velocity and J is the angular momentum. To linear order in the spin, the moment of inertia is a O(χ 0 ) quantity which depends only on the compactness and on the EoS.
A. Tidally-deformed, nonrotating stars
We now consider the tidal deformations of the background solution just presented. Let us start by discussing nonrotating configurations, which have been studied in the past by several authors (e.g. Refs [6, 7, 10] ) and can therefore be used to test our numerical code.
We solved the perturbation equations for = 2, 3, 4 so that we can evaluate the tidal Love numbers in Eq. (1) for = 2, 3, 4. These are shown in Fig. 4 , where the left and right panels refer to electric and magnetic tidal Love numbers, respectively. For completeness, we show both the tidal Love numbers in Eq. (34) (namelyλ
E ) which are associated with equatorial-symmetric tidal perturbations and those defined in Eq. (E3) (namely,λ
M ) which instead break this symmetry. As previously mentioned, these numbers have been normalized by suitable powers of M to make them dimensionless. Furthermore, in Fig. 4 we multiply the dimensionless Love numbers by some suitable power of the compactness C = M/R so that, in the Newtonian limit, these quantities tend to a constant value. The small-compactness limit can be better appreciated for the POLYn1 curves, because the realistic tabulated EoS are meant to describe only configurations with large compactness. This is the reason why the axes of Fig. 4 have been truncated at C ∼ 0.05. Were these plots extended to C → 0, the electric Love numbers for POLYn1 would approach their Newtonian constant value, whereas the magnetic Love numbers all go to zero in the Newtonian limit, since axial perturbations are not defined in that case. In the static case, our results for the electric and magnetic tidal Love numbers are in perfect agreement with those computed in Ref. [6] , cf. Appendix F for a comment about the computation of the magnetic Love numbers in the static case.
B. Rotational tidal Love numbers
The rotational tidal Love numbers in Eq. (2) for various families of spinning NSs are shown in Fig. 5 , which is one of the main results of this work. As a reference, in Table II representative EoS. Here we only present the rotational Love numbers associated with equatorial-symmetric perturbations; the case in which the equatorial symmetry is broken in discussed in Appendix E (see Fig. 9 ).
In Fig. 5 , we have normalized the rotational Love numbers by suitable powers of the compactness C in order for the Newtonian limit to be independent of C. The scaling has been achieved by investigating the polytropic EoS POLYn1 as C → 0, since the other tabulated EoS are not realistic in the Newtonian limit.
It is important to note that δλ ( 
23) E
∼ 1/C 5 in the Newtonian limit, precisely as the static tidal Love number λ (2) E . For this reason, as already shown in Fig. 2 , the ratio δλ
E does not depend on C for small compactness.
The left (respectively, right) panels of Fig. 5 (and Fig. 9 in Appendix E) show the "magnetic-led" (respectively, "electric-led") rotational tidal Love numbers corresponding to a tidal field with harmonic index + 1 (top panels) and − 1 (bottom panels) that sources a -pole moment with opposite parity, in agreement with the spin-selection rules previously discussed.
Finally, it is interesting to note that not only δλ (32) M is nonmonotonic, but also it does not have a definite sign as a function of the compactness. This peculiar behavior is observed also for the other rotational Love numbers associated with the broken equatorial symmetry discussed M are negative. Nonetheless, modulo a negative factor, our definitions are fully equivalent to the usual ones (cf. e.g. Ref. [6] ). Note thatλ
E are associated with equatorial-symmetric tidal perturbations, whereasλ
M break this symmetry.
in Appendix E [cf. Fig. 9 ].
C. Approximate universality
Some years ago, Yagi and Yunes [26, 27] discovered that certain suitably normalized combinations of the tidal Love numbers of a nonspinning NS and of the multipole moments of a spinning NS are related to each other by approximately universal relations which depend only mildly on the EoS. In their simplest version, these relations are known as I-Love-Q and connect the moment of inertia I, the (rotation-induced) mass quadrupole moment Q, and the electric quadrupolar tidal Love number (all of them suitably normalized) through relations which are independent of the NS EoS at the percent level. Similar relations also exist among other (electric and magnetic) tidal Love numbers of a nonspinning NS [28] , although the universality deteriorates for increasing values of the multipole and in the magnetic sector relative to the electric one with the same .
The original I-Love-Q relations were found for slowly, rigidly rotating, barotropic, isotropic, unmagnetized and isolated stars [26, 27] . Recently, they have been extended to include rapid rotation [59, 61, 68, 69] , nonbarotropic [70] , anisotropic [71] , and differentially rotating [72] fluids, strong magnetic fields [73] , dynamical configurations [20] , exotic compact objects [74] , and even deviations from general relativity [26, 27, [75] [76] [77] [78] . The outcome of these studies is that the approximate universality is remarkably robust in realistic configurations.
It is important to stress that the tidal Love numbers entering the I-Love-Q relations are those of nonspinning NSs, whereas the moment of inertia and the mass quadrupole moment refer to rotating stellar configurations. It is therefore important to understand how spin corrections to the tidal Love numbers impact such universality. The spin corrections to the tidal Love numbers of a NS are computed in this work for the first time.
Nonrotating case
As a by-product of our analysis, we can first study the universality of the relations among the (dimensionless) tidal Love numbers to zeroth order in the spin. The results shown in Figs. 6 and 7 confirm the analysis of Ref. [28] (but see Appendix F below for a comment on the computation of the magnetic Love numbers performed in Ref. [28] ) and extend it by computingλ
In the three panels of Fig. 6 we show the relations amongλ the degree of universality deteriorates with increasing , as shown in Fig. 7 for the electric (top panels) and magnetic (bottom panels) tidal Love numbers with = 2, 3, 4. For = 3 and = 4, the universality of theλ 
Universality-breaking for rotational tidal Love numbers
We are now in a position to investigate the universality of the rotational Love numbers computed in this paper.
In Fig. 8 we show some rotational Love numbers already presented in Fig. 5 but normalized as explained below Eq. (38) as functions of the dimensionless moment of inertiaĨ. The top and bottom panels show the magneticled and the electric-led rotational Love numbers, respectively. Although the normalized rotational Love numbers are less sensitive to the EoS, the deviations from universality are much larger than in the nonspinning case. For example, the rotational Love numbers δλ ( 
23) E
(which is related to the deformation of the mass quadrupole moment) shown in Fig. 8 displays deviations at the level of 20% and as large as 50%, to be compared with the de- viations ofλ (2) E shown in Fig. 7 which are at the level of 1% or better.
The electric-led case (bottom panels of Fig. 8 ) is even more dramatic, with δλ For completeness, in Fig. 9 of Appendix E we present the same analysis but for the rotational Love numbers associated with the breaking of the equatorial symmetry. The results are qualitatively similar to those presented in this section.
For simplicity, we only present here the fitting formula for the most relevant quantity, namely δλ are relative to the following fit: log δλ
where the constants a i are given in Table III . As shown in Fig. 8 , for the EoS considered in this work (which cover a wide range of NS deformability) the deviations from the fit (44) are typically below 30%. Although the relation between the rotational Love numbers and the moment of inertia depends more strongly on the EoS than in the case of the static Love numbers, the quantities presented in Fig. 8 are first-order corrections in the spin, i.e., they are subdominant relative to the static case. It is therefore interesting to quantify how this variability affects the approximate universality of the multipole moments of a NS. To this end, let us [cf. Fig. 2] . The values for χ, r 0 and C adopted in the equation above refer to a typical NS-NS merger. The contribution of δλ ( 
is larger as the binary approaches the merger and the approximate universality of the induced mass quadrupole moment deteriorates from 1% to roughly 6% due to spin corrections. Such corrections scale as χ(R/r 0 ) 3/2 , so they would be more relevant for fastly spinning NSs and negligible at a large orbital distance.
VI. CONCLUSIONS AND PROSPECTS
By extending the formalism developed in Paper I we have computed, for the first time to our knowledge, the tidal Love numbers of a spinning NS to first order in the angular moment. The spin of the object introduces couplings between electric and magnetic distortion and new classes of rotational tidal Love numbers emerge. We have derived the equations governing electric-led and magnetic-led tidal perturbations for generic multipoles and have explicitly solved them for various tabulated EoS [cf. Table I ] for a tidal field with both an electric and a magnetic component with = 2, 3, 4.
We found various interesting features; for instance, some rotational Love numbers are nonmonotonic functions of the compactness and do not have a definite sign. For a binary system close to the merger, various components of the tidal field become relevant. In this case we find that an octupolar magnetic tidal field can significantly modify the mass quadrupole moment of a neutron star. Preliminary estimates, assuming a spin parameter χ ≈ 0.05 and an orbital distance r 0 ≈ 5R, show modifications 10% relative to the static case. Our results suggest that spin-tidal couplings can introduce important corrections to the gravitational waveforms of a spinning NS binary system. Furthermore, some of these new rotational Love numbers deviate from a nearly universal relation [26] [27] [28] by an amount as large as 200% in the electric-led case and as large as 50% in the magnetic-led case. By using these results, we estimated that -for a NS binary approaching the merger -the approximate universality of the induced mass quadrupole moment deteriorates from 1% in the static case to roughly 6% when χ ≈ 0.05 and r 0 ≈ 5R. Clearly, the effect of the spin would be more relevant for NSs with χ 0.05 and it can only be relevant in the final phase of the inspiral.
The phenomenology of the tidal deformations of a spinning object is very rich and much work remains to be done. From the technical side, it is natural to extend our study to the nonaxisymmetric case [2] , which would introduce a further class of rotational Love numbers emerging from novel couplings between nonaxisymmetric perturbations [cf. diagram in Fig. 1] . Likewise, it would be interesting (albeit technically challenging) to include quadratic corrections in the NS angular momentum, thus also extending our analysis in Paper I to the NS case.
From the phenomenological side, it is important to understand spin-tidal effects for the gravitational waveforms. This is particularly urgent given that NS binaries are the main target of advanced gravitational-wave detectors. Our results suggest that spin-tidal effects might be important to improve gravitational-wave templates [79] [80] [81] and to estimate precisely the tidal Love numbers through gravitational-wave detections [9-19, 23, 25] .
We have shown that the main spin-tidal contribution to first order in the spin and in the axisymmetric case comes from a deformation of the mass quadrupole moment of the NS induced by an external octupolar tidal field. For a binary system, such an effect is negligible at a large orbital distance but becomes more relevant close to the merger. Therefore, a solid qualitative outcome of our analysis is that spin-tidal effects are more important for high-frequency signals, possibly those in which the merger phase happens within the detector band.
A promising approach to incorporate such effects in the relativistic two-body dynamics is by extending effective point-particle techniques (cf. e.g. Refs. [82] [83] [84] ) to include spin-tidal couplings. Work in this direction is underway.
Finally, in Paper I we discussed some subtleties in the definition of the tidal Love number for a relativistic compact object (see also Refs. [50, 85] ). In brief, in a nonlinear theory the very notion of the multipole moments of a single deformed compact object is problematic. We believe that a more rigorous analysis is needed to clarify this important issue, even in the static case. This would likely require a (at least partial) fifth order postNewtonian expansion of the field equations for a binary system, which is currently not available for generic mass ratios, in order to determine the quantities which actually appear in the post-Newtonian gravitational waveforms.
ACKNOWLEDGMENTS
We are indebted to Nathan Johnson-McDaniel for pointing out to us the results of Ref. [56] , which have been useful to improve the accuracy of our estimates. We thank Emanuele Berti, Térence Delsate, Tanja Hinderer, Davide Gerosa, Phil Landry, Giorgos Pappas, Eric Poisson, Luciano Rezzolla, Jan Steinhoff and Kent Yagi for useful discussions and correspondence. P.P. As a background, we consider the spinning geometry (9) to first order in the rotation rate, with fluid velocity u µ = e −ν/2 (1, 0, 0, Ω) and stress-energy tensor T µν given in Eq. (10) (see Sec. III A). We perform a harmonic decomposition of the (stationary) metric perturbations of this background in the Regge-Wheeler gauge [86] as
where asterisks represent symmetric components, g
tt = e ν , 1/g (0)
rr −1−2M/r, Y = Y (ϑ, ϕ) are the scalar spherical harmonics and we have defined the vector spherical harmonics as
Here and in the following, a sum over the harmonic indices ≥ 1 and m (such that |m| ≤ ) is implicit. The perturbation of the stress-energy tensor reads [40] δT
where δP ( ) and δρ ( ) are radial functions. The perturbation of the fluid velocity is
where U ( ) , V ( ) , R ( ) are purely radial functions. The function δu t has been fixed to ensure u 2 = −1 to first order in the perturbations and in the spin. As discussed in the main text, we restrict to a static fluid and therefore impose δu µ = 0 in the above decomposition.
Appendix B: Coefficients and sources for the inhomogeneous equations governing tidal deformations
The coefficients of the ( ≥ 2) differential operators appearing in the systems (16) and (19) read
where we recall that c s = ∂P/∂ρ is the speed of sound in the fluid. The source terms read 2 Ω ρ 5 ( + 1) + 16κr 2 P κr 2 P − 1 − 14 + P 4κr 2 P ( + 3) + 4κr 2 P − 2 + ( − 3) − 6 −8κr 2 ρ 2 + ω 1 κr 2 P −4κ ( + 3)r 2 P + (9 + 13) − 14 + ( (5 + 9) − 6)ρ − 2 ( ( + 1) − 2)
Other metric components
In their reduced form, the electric-led and magnetic-led systems only depend on the variables H , respectively. Once such quantities are computed by solving the corresponding system of ODEs, all other nonvanishing metric components can be obtained through algebraic relations. For completeness we give such relations here.
To zero order in the spin, the nonvanishing components of the polar sector can be algebraically written in terms of the function H ( ) 0 and its derivatives:
and we stress that H To first order in the spin, the nonvanishing perturbation variables which are algebraically related to the dynamical ones are
4 ( + 2) + 3 2h
whereas δH
, so that the perturbed metric is symmetric under t → −t and ϕ → −ϕ.
Perturbation equations with = 1
To first order in the spin, a quadrupolar tidal field will source dipolar metric perturbations. As discussed in the main text, such perturbations with = 1 generically satisfy a different set of equations.
In the electric-led sector, it turns out that the equations for = 1 can simply be obtained from those presented above after setting = 1. However, the = 1 magnetic-led sector is different. In this case the equations for H have the same schematic form as (19) , but with
(2) 0
When = 1, we can use a residual gauge freedom to set K (1) = 0 in the ansatz for the metric [51, 52] , so that the only further nonvanishing polar components read
In the main text we have focused on tidal perturbations that preserve the reflection symmetry of the background relative to the equatorial plane at ϑ = π/2. A binary system of two nonspinning compact objects or of two spinning compact objects with (anti)aligned spins enjoys such equatorial symmetry relative to the orbital plane. However, in other configurations -e.g. if the angular momenta of the two objects are not (anti)alignedthe equatorial symmetry can be broken. Supernova kicks after the formation of a NS might misalign the spin, although subsequent tidal dissipation contributes to realign them. The details and the efficiency of these processes are largely unknown (cf. Ref. [58] and references therein). For completeness, in this appendix we briefly extended the results discussed in the main text also to nonequatorial-symmetric tidal perturbations.
A tidal perturbation is symmetric under reflection around the equatorial plane (equatorial-symmetric for short) if it is invariant under the transformation ϑ → π − ϑ. Given the symmetry properties of the spherical harmonics, electric (polar) perturbations are equatorialsymmetric when + m is even, whereas magnetic (axial) tidal perturbations are equatorial-symmetric when + m is odd. In the axisymmetric case, electric (respectively, magnetic) perturbations are equatorial-symmetric when is even (respectively, odd). The technique adopted in the main text to extract the deformed multipole moments is based on Ryan's approach [53] [54] [55] and assumes equatorial symmetry. However, the Geroch-Hansen moments are also defined for geometries that break the equatorial symmetry. For such geometries the mass multipole moments M with odd , and the current multipole moments and S with even , are different from zero [29, 30] . Although it should not be difficult to extend Ryan's approach to the nonequatorialsymmetric case, this would bring us too far. Therefore, here we opt for a more practical definition; a detailed analysis will appear elsewhere.
For our purposes, it is sufficient to notice that the multipole moments can be extracted (modulo a normalization factor) from the large-distance behavior of the metric in our coordinates, namely,
In the following we will use the above large-distance behavior of g tt and g tϕ to define the multipole moments associated with nonequatorial-symmetric tidal perturbations. Clearly, such a procedure does not allow us to fix the overall factors of M and S and it is not manifestly gauge invariant. Our procedure here should therefore be extended through a more rigorous analysis, but it is nevertheless sufficient to capture the correct scaling of the multipole moments with the compactness. In the static case, in addition to the Love numbers defined in Eq. (34), we can also definẽ 
where the prefactors have been chosen in order to agree with previous definitions of the static electric and magnetic Love numbers [6, 7] . The Love numbers in Eq. (E3) are shown in Fig. 4 in the main text.
−M − κr 3 P , B = c 2 s r κr 2 (P + 2ρ) + 3 − 7M − M − κr 3 P , and we recall that c s is the speed of sound in the fluid.
The difference E 1 − E 2 cannot be further simplified.
While the two equations are equivalent in vacuum where P = 0 = ρ, they are generically inequivalent inside matter. In principle, this is not enough to show that the magnetic Love numbers defined through these two equations are also different, since the matching procedure has to be performed on different exterior solutions. However, as a further proof that Eqs. (F1) and (F2) are inequivalent, we have computed the magnetic Love numbers for = 2 in both cases, by matching the interior solutions h ( ) 0 and ψ ( ) with their corresponding exterior solution at r = R. In the latter case, we define the magnetic Love numbers as in Ref. [7] (see also Ref. [28] ) modulo an irrelevant prefactor.
A comparison between the two cases is shown in Fig. 11 , where the (dimensionless) magnetic Love numbers computed from Eq. (F2) have been arbitrarily normalized. As this figure clearly shows, the dimensionless magnetic Love numbers are inequivalent, although nearly universal in both cases. We verified that the same result holds also for = 3 and = 4.
We believe that Eq. (31) in Ref. [7] is incorrect, probably due to a flawed limiting procedure to the static case. As a consequence, recent results which have used that equation to compute the magnetic Love numbers (e.g. Ref. [28] , whose qualitative results have anyway been confirmed in this work) should be revisited.
Finally, we remark that recent work by Landry and Poisson [49] has shown that the axial perturbation equations are much more naturally solved in the case of an irrotational (rather than a static) fluid, as can be seen by taking the static limit of the full perturbation equations. The issue just discussed is not related to the corrections presented in Ref. [49] , which we hope to include in our analysis in the future. (F2) (top curves) . The two quantities should be equivalent modulo a constant factor but their slope is instead different, with larger deviations in the relativistic regime. Our derivation independently confirms that performed in Ref. [6] , yielding Eq. (F1).
